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A free quantum particle in two dimensions with vanishing angular momentum (s–wave) in the form
of a ring–shaped wave packet feels an attractive force towards the center of the ring, leading first to
an implosion followed by an explosion.
PACS numbers: 03.65.-w,67.40.Vs,03.40.Gc
The spreading of a wave packet is an important topic
in quantum mechanics [1]. It arises due to different mo-
menta contained in the packet. As pointed out by Max
Born [2] even a classical ensemble of particles spreads.
The only quantum effect lies in the connection between
the position and the momentum distributions, that is,
the spreads in position and momentum are not indepen-
dent. In the present paper we predict a wave effect of
the free particle that manifests itself in the dynamics: A
ring–shaped wave packet in two dimensions of vanishing
angular momentum feels an attractive force towards the
center of the ring. This effect is unique to two dimensions
and manifests itself most strongly for vanishing angular
momentum.
In order to illustrate this surprising phenomenon we
first consider the free motion of wave packets in N di-
mensions. We then concentrate on two and three dimen-
sions, where we propagate a circular shell and a spher-
ical shell, respectively. All wave packets have initially
vanishing angular momentum and vanishing average ra-
dial momentum. We show that the circular shell first
implodes and then explodes. In contrast, the spherical
shell does not implode but only explodes. We demon-
strate this wave effect unique to two–dimensional space
using (i) analytical expressions for the average radial po-
sition and momentum, (ii) the Wigner function approach
[3] towards quantum mechanics, (iii) analytical expres-
sions [4] for the radial Green’s function in two dimensions
and (iv) the numerical propagation of wave packets.
Our analytical approach considers the propagation of
the initial wave function
Φ
(N)
0 (x1, . . . , xN ) =
N√
S(N)
rγ exp
[
−1
2
( r
δr
)2]
(1)
in the absence of any potential. Here N ≡
[2/Γ (N/2 + γ)]
1/2
δr−N/2−γ denotes the radial normal-
ization constant and r ≡ (x21 + x22 + . . . x2N)1/2 is the ra-
dial variable in N space dimensions. Moreover, S(N) ≡
2πN/2/Γ (N/2) is the total solid angle. The quantity δr
defines a characteristic length scale of the packet and is
a measure of the radial width [5].
We first take the exponent γ to be equal to 2. This
special form of the initial wave function – polynomial
in coordinates multiplied by a Gaussian – allows us to
calculate analytically the time dependence of the average
radial position 〈r(N)〉 and the average radial momentum
〈p(N)〉 in N dimensions. We then turn to the general case
of arbitrary γ > 1 but concentrate on two dimensions.
In the derivation of our results we follow three inde-
pendent approaches that provide identical results: (i) We
consider the time evolution in Wigner phase space and
calculate the averages with the help of the Wigner func-
tion; (ii) we use the method of the generating function
[6] to propagate a modulated Gaussian wave packet of
the free particle in N dimensions, and evaluate the av-
erages; (iii) we propagate the free wave packet with the
help of the radial Green’s function of the free particle
in two dimensions. Here we do not present the detailed
calculations but only summarize the results [7].
We start by presenting first the general results for
the propagation in N dimensions and then focus on
the special case of two and three dimensions. It is
convenient to introduce the dimensionless time variable
τ ≡ h¯t/(δr2M), where M denotes the mass of the parti-
cle. We find [7] the expression
〈r(N)〉(τ) = 1 + τ
2/a(N)√
1 + τ2
r
(N)
0 (2)
for the average radial position. Here we have introduced
the abbreviation
a(N) ≡ 1 + 4N
N2 + 3
(3)
and the initial radial position
r
(N)
0 ≡
Γ
(
N+5
2
)
Γ
(
N+4
2
)δr, (4)
inN dimensions, where Γ denotes the Euler gamma func-
tion.
Equation (2) shows that for large times the average ra-
dial position increases linearly with time, corresponding
1
to an explosion of the wave packet. This holds true for
any number of dimensions.
For short times we can expand the square root in Eq.
(2) which yields
〈r(N)〉(τ) ≃
[
1 +
(
1
a(N)
− 1
2
)
τ2
]
r
(N)
0 . (5)
An interesting situation occurs when a(N) > 2. In this
case, the average radius initially decreases, corresponding
to an implosion of the wave packet. From the definition
Eq. (3) of a(N) we arrive at the implosion condition
(N − 1)(N − 3) < 0. (6)
Hence an implosion occurs only for N = 2 corresponding
to a(2) = 15/7 = 2 + 1/7.
The phenomenon of the implosion can also be viewed
by considering the time evolution of the average radial
momentum
〈p(N)〉(τ) = M d
dt
〈r(N)〉 = d
dτ
〈r(N)〉 h¯
δr2
. (7)
determined by the time derivative of the average position
〈r(N)〉, which yields
〈p(N)〉(τ) = − τ
(1 + τ2)3/2
(
a(N) − 2− τ2
)
p(N)
∞
(8)
where
p(N)
∞
≡ lim
τ→∞
p(N)(τ) =
1
a(N)
h¯r
(N)
0
δr2
. (9)
The radial momentum is negative, corresponding to
an implosion, provided τ <
[
a(N) − 2]1/2. Since in two
dimensions a(2) = 15/7 this condition reads τ < τmin ≡
1/
√
7. At that moment the momentum vanishes and the
implosion turns into an explosion. The average radial
position assumes a minimum rmin ≡ 〈r(2)〉 (τmin).
In order to highlight the special property of two dimen-
sions we now compare the dynamics of the wave packet
Eq. (1) for γ = 2 in two and three dimensions. In Fig. 1
we show the time evolution of the average radial position
and the average radial momentum in two (solid curves)
and three (dashed curves) dimensions based on Eqs. (2)
and (8) with a(2) = 15/7 and a(3) = 2.
For short times the average radius of a ring–shaped
wave packet decreases as a function of time. This initial
implosion of the circular wave is followed by a final ex-
plosion. We emphasize that this phenomenon is not due
to an external classical force but occurs for a free particle
moving in two dimensions [8]. Obviously the spreading
of the ring–shaped wave packet in the radial direction
is asymmetric; initially the probability flux towards the
center is larger than towards the outside.
In the three–dimensional case, where we propagate a
spherical shell, the average position and the average mo-
mentum do not display the soft implosion effect of two
dimensions. Indeed, since a(3) = 2, the average momen-
tum is always positive and the average position cannot
decrease but must increase.
The contraction effect is maximal at τmin = 1/
√
7 and
according to Eq. (2) the average radial position 〈r(2)〉
assumes the minimal value
rmin ≡
√
224
225
r
(2)
0 ≃ 0.9978 r(2)0 . (10)
Hence, it is a rather soft implosion.
We note that this result is independent of δr, since
there is only one length scale in the problem. When we
choose a different form for the packet we can make the
effect larger. For example, by replacing rγ in Eq. (1) by
sin(r2/δr2), we obtain at τmin ≃ 1.11
rmin ≃ 0.9964 r(2)0 . (11)
In order to study the implosion effect we concentrate
on two dimensions and now consider an arbitrary value
of the exponent γ > 1 in the the wave packet Eq. (1).
With the help of the corresponding radial propagator [4]
we obtain the radial wave function which yields the ex-
pression
〈r(2)〉(τ) = 2γ Γ
2
(
γ+1
2
)
Γ
(
γ + 12
) τγ−1
(1 + τ2)
γ+1
2
I(τ ; γ)r
(2)
0 (12)
for the average radial position. Here the integral
I(τ ; γ) ≡
∫
∞
0
dξ ξ2 exp
(
− 1
1 + τ2
ξ2
)
∣∣∣∣1F1
[
−γ − 1
2
; 1;
i
2τ
1
1 + iτ
( r
δr
)2]∣∣∣∣
2
(13)
containing the confluent hypergeometric function 1F1 can
be expressed in terms of the generalized hypergeometric
function 3F2. However, we found it more convenient to
evaluate this integral numerically. For each value of γ we
obtain an implosion but the ratio rmin/r
(2)
0 is always of
the same order of magnitude.
We now turn to the explanation of the implosion effect
using the Wigner function [3]. The free particle is one of
the few quantum mechanical systems in which the clas-
sical phase space dynamics is identical to the quantum
mechanical one. Indeed, the Wigner function satisfies the
classical Liouville equation. Hence, we find the Wigner
function at time t from the Wigner function at time t = 0
by replacing the position ~r by ~r − ~p t/M . We emphasize
that now ~r and ~p denote N–dimensional vectors. The
corresponding probability distributions in position and
momentum follow by integration over the conjugate vari-
able.
Since for the free particle classical and quantum phase
space dynamics are identical the quantum effect of im-
plosion rather than explosion is stored in the initial
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Wigner function. To be more precise, it is in the cor-
relations between position and momentum. A classical
phase space distribution enjoys a probability interpreta-
tion and therefore always has to be positive. In contrast,
the Wigner function can assume negative values. Indeed,
both the Wigner functions of the circular shell and of the
spherical shell contain domains in phase space where they
become negative. Since the Wigner function is normal-
ized the total volume of the Wigner function is unity.
We can calculate numerically the volumes V
(2)
−
and V
(3)
−
corresponding to the negative parts. We find in the two
dimensional case V
(2)
−
≃ 0.27, whereas in three dimension
V
(3)
−
≃ 0.23. Hence, there is a slightly larger contribu-
tion of negative parts in two dimensions than in three
dimensions.
In the phase space description of quantum mechan-
ics quantum effects are stored in the negative parts of
the initial Wigner function. Since a classical ensemble of
particles cannot have a negative phase space distribution
it cannot display the implosion effect. Needless to say
a classical ensemble with a ring–shaped initial position
distribution can show an implosion provided there exists
a non–vanishing negative initial radial momentum. How-
ever, in our quantum mechanical wave packet the average
radial momentum vanishes.
For the choice Eq. (1) of the initial wave packet the
radial probability density
W (N)(r)dr = | Φ(N)0 (r) |2 rN−1drS(N)
= | N |2 rN+2γ−1e−(r/δr)2dr (14)
depends on the number of dimensions. Hence, one might
argue that the implosion is a result of the slightly differ-
ent initial radial wave functions. In order to exclude this
argument we have performed a numerical integration of
the Schro¨dinger equation
ih¯
∂
∂t
u
(N)
0 (r, t) =
[
− h¯
2
2M
∂2
∂r2
+ V (N)(r)
]
u
(N)
0 (r, t) (15)
for the radial wave function u
(N)
0 of the free particle in
two and three space dimensions, corresponding to zero
angular momentum. Here we always start with the same
initial radial wave function. In this way we guarantee
identical radial probabilities densities in two and three
dimensions.
The radial potential
V (N)(r) ≡ h¯
2
2M
(N − 1)(N − 3)
4r2
(16)
in N dimensions involves the product (N − 1)(N − 3)
familiar from the implosion condition Eq. (6).
In three dimensions the potential V (3) vanishes. How-
ever, for N = 2 the quantum anti–centrifugal potential
VQ(r) ≡ V (2)(r) ≡ − h¯
2
2M
1
4r2
(17)
does not vanish and is negative, that is, attractive [9,10].
This potential is responsible for the implosion.
A large class of wave packets with vanishing angu-
lar momentum displays this effect of first imploding and
then exploding [11]. Indeed, in the insert of Fig. 1 we
show the short time evolution of the average radial posi-
tion and the average radial momentum in two and three
dimensions for an initial radial Gaussian wave packet
u(r, t = 0) ≡ N˜ exp
[
− (r − ρ)2 /δr2
]
displaced by an
amount ρ from the origin. As in the analytical results
we find an implosion of a circular but not of a spherical
shell.
So far we have concentrated on a single particle but
the effect of implosion manifests itself also in the relative
motion of two free particles. We can envision the total
wave function of the two particles to be of the form Eq.(1)
corresponding to an entangled state. When we assume
that each particle is allowed to move in a D–dimensional
space the total wave function lives in a N = 2D dimen-
sional configuration space. The physical situation of a
single particle imploding in two dimensions corresponds
to two particles constrained to one dimension. When
they move along a line their average relative separation
first decreases and then increases. It looks like the par-
ticles first attract and then repel each other. However,
when they move in two or three dimensions, their relative
distance always increases.
We conclude by briefly outlining an experiment to
demonstrate the implosion effect. At first sight, one
might think of cold atoms around a wire familiar from
atom chips [12]. However, it might be easier to make use
of the analogy between the Schro¨dinger equation and the
paraxial wave equation of classical electrodynamics. We
shine monochromatic light onto an opaque screen with
an annular aperture. In order to avoid diffraction from
sharp edges, we introduce apodization, that is, a posi-
tion dependence transmission coefficient. At the edges of
the ring almost no light is transmitted, whereas at the
center of the ring almost all light passes through. This
arrangement creates an intensity distribution after the
screen confined mainly to a ring. The subsequent free
propagation in space is analogous to the free propaga-
tion in time of the Schro¨dinger wave function. The time
dependent probability distribution then corresponds to
the transverse intensity distributions at different loca-
tions downstream from the screen [13].
We thank I. Sh. Averbukh, M. V. Berry, D. Bouw-
meester, H. Carmichael, D. Greenberger, D. Kobe, R. F.
O’Connell, W. C. Schieve, F. Straub, S. Varro and K.
Wo´dkiewicz for many fruitful discussions. I. B.–B., J. P.
D. and M. F. gratefully acknowledge the support of the
Humboldt foundation and the great hospitality enjoyed
at the Abteilung fu¨r Quantenphysik. The work of W. P.
3
S. is partially supported by DFG.
[1] D. Bohm, Quantum Theory, (Prentice Hall, Englewoods
Cliffs, 1951).
[2] M. Born, Science, 122, 675 (1955).
[3] For an introduction and overview on the concept of
Wigner function, see M. Hillery, R. F. O’Connell, M. O.
Scully and E. P. Wigner, Phys. Rep. 106, 121 (1984); J.
P. Dahl in Conceptual Trends in Quantum Chemistry, E.
S. Kryachko and J. L. Calais eds., (Kluwer, The Nether-
lands, 1994), p.199; W. P. Schleich, Quantum Optics in
Phase Space, (Wiley-VCH, Berlin, 2001).
[4] M. A. Cirone, J. P. Dahl, M. Fedorov, D. Greenberger,
and W. P. Schleich, submitted to J. Phys. B; preprint
quant-ph/0108083.
[5] We emphasize that δr is not the second moment ∆r2 ≡
〈r2〉 − 〈r〉2 of the probability distribution | Φ
(N)
0 |
2.
Indeed, ∆r depends on the number N of dimensions,
whereas δr is a length scale independent of N .
[6] I. Bia lynicki–Birula, Z. Bia lynicka–Birula and C. Sliwa,
Phys. Rev. A 61, 032110 (2000).
[7] I. Bia lynicki–Birula, M. A. Cirone, J. P. Dahl, M. Fe-
dorov, and W. P. Schleich, in preparation.
[8] The phenomenon of an imploding wave packet is reminis-
cent of the transient effect of a free wave packet contract-
ing rather than spreading when it is initially prepared in
a contractive state, see for example D. F. Walls and G.
Milburn, Quantum Optics (Springer, Heidelberg, 1994)
p.337. However, the implosion is a purely wave effect,
whereas the contractive state is a purely classical effect.
It is due to propagation in phase space starting from a
clever choice of the initial wave packet.
[9] See for example S. Flu¨gge, Rechenmethoden der Quan-
tenmechanik (Springer, Heidelberg, 1965).
[10] M. A. Cirone, G. Metikas and W. P. Schleich, Z. Natur-
forsch. 56a, 48 (2001); M. A. Cirone, K. Rza¸z˙ewski, W.
P. Schleich, F. Straub, and J. A. Wheeler, Phys. Rev. A
(accepted for publication).
[11] A purely Gaussian wave packet located initially at the
origin does not implode. It spreads symmetrically in ra-
dial direction. From Heisenberg’s equations of motion for
the radial variable or from Ehrenfest’s theorem we can
derive conditions on the wave function for the implosion
effect to occur, see I. Bia lynicki–Birula, J. P. Dahl, and
W. P. Schleich, to be published.
[12] J. Denschlag, D. Cassettari, and J. Schmiedmayer, Phys.
Rev. Lett. 82, 2014 (1999); E. A. Hinds, C. J. Vale and
M. G. Boshier, Phys. Rev. Lett. 86, 1462 (2001). For a
nice summary of magnetic chips and quantum circuits for
atoms, see E. A. Hinds, Physics World 14 (7), 39 (2001).
[13] The implosion effect is not the wave mechanics analogue
of the Poisson spot [14] familiar from the diffraction the-
ory of classical optics. The implosion results from the
modification factor H discussed in Ref. [4] in Eq.(15)
of the free Green’s function. A Poisson spot occurs al-
ready when we approximate the radial propagator in
two dimensions by the difference of two one–dimensional
Green’s functions of free motion. Hence, the implosion
effect is a modification on top of the Poisson spot.
[14] M. Born and E. Wolf, Principles of Optics (Cambridge
University Press, Cambridge, 1999) p.417.
FIG. 1. Comparison between the time evolutions of a cir-
cular (solid line) and a spherical shell (dashed line) using the
average radial position (top) and the average radial momen-
tum (bottom) obtained from Eqs.(2) and (8) for a(2) = 15/7
and a(3) = 2. On average the two–dimensional shell first con-
tracts and then expands, whereas the three–dimensional one
expands from the onset. In the left inserts we show the short
time behavior of a displaced Gaussian radial wave packet ob-
tained numerically. Here we have used the same Gaussian for
an initial radial wave function in two and three dimensions
with δr = 0.4 and ρ = 1.5 in arbitrary units. Position is
scaled in units of the initial position r
(N)
0 of the wave packet,
and momentum in terms of the final momentum p
(N)
∞ .
4
0 0.4
-0.02
0
0.15
0
0.1
Xp\
Τ
0 0.4
0.998
1
0.15
0.998
1
Xr \
Τ
